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Abstract 

We construct infinitely many Einstein- Weyl structures on S 2 x M of signature ( — h +) 
which is sufficiently close to the model case of constant curvature, and whose space-like 
geodesies are all closed. Such structures are obtained from small perturbations of the diagonal 
of CP 1 x CP 1 using the method of LeBrun-Mason type twistor theory. The geometry of 
constructed Einstein- Weyl space is well understood from the configuration of holomorphic 
discs. We also review Einstein- Weyl structures and their properties in the former half of this 
article. 



Mathematics Subject Classifications (2000) : 53C28, 32G10, 53C50, 53A30, 53C25. 
Keywords: twistor method, Einstein- Weyl structure, holomorphic disks, indefinite metric. 

1 Introduction 

Twistor type correspondences for the following structures are known (See [6]): 
(T 1) projective structures on complex 2-manifolds, 
(T 2) self-dual conformal structures on complex 4-manifolds, 
(T 3) Einstein- Weyl structures on complex 3-manifolds. 

(T2) is the original twistor theory introduced by R. Penrose [TB]. (T3) is called Hitchin 
correspondence or mini-twistor correspondence. 

There are many progresses on these twistor theory; more detail or concrete investigation 
[131 Q3], real objects and reduction theory [H SI El [3 [TB] , relation with the theory of integrable 
systems [H [3], and so on. The geometric structures treated in these literature are either 
complex or real slices of complex objects, hence they are all analytic. 

On the other hand, real indefinite case, for example, admits non-analytic solutions. Re- 
cently, C. LeBrun and L. J. Mason developed another type of twistor theory by which we can 
also treat such non-analytic solutions [HI [10] (see also [TTJ[T2])- The structures investigated 
by LeBrun and Mason are 

(LM 1) Zoll projective structures on S 2 or 5 2 /Z2, and 

(LM2) self-dual conformal structures of signature (+ H ) on S 2 x S 2 or (S 2 x g 2 )/Z 2 . 



*This work is partially supported by Grant-in- Aid for Scientific Resaerch of the Japan Society for the Promotion 
of Science. 
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Here, a projective structure is called Zoll if and only if all the maximal geodesies are closed. 
Notice that (LM1), (LM2) are the real objects corresponding to (Tl), (T2) respectively. 

There are several remarkable points for LeBrun-Mason theory. First, the twistor space 
is given as a pair (Z, N) of a complex manifold Z and a totally real submanifold N in Z. 
The "twistor lines", or in other words, the "nonlinear gravitons" are given by holomorphic 
disks on Z whose boundaries lie on N while the twistor lines are embedded CP 1 in Penrose's 
or Hitchin's case. Second, the structures (LM1) and (LM2) are obtained from a small 
perturbations of N in Z. So we can treat only the objects which are sufficiently close to the 
model case so far. For the last, the corresponding geometry satisfies a global condition, for 
example, Zoll condition in (LM1) case. 

Based on these backgrounds, in this article, we investigate in another possibility, the 
LeBrun-Mason type correspondence for Einstein- Weyl structures. Let us review the defini- 
tions and then we state the conjecture and the main theorem. Let X be a real (or complex) 
manifold. 

Definition 1.1. Let [g] be the conformal class of a definite or an indefinite metric g (or 
holomorphic bilinear metric for the complex case) on X, and V be a (holomorphic) connection 
on TX. The pair ([g], V) is called Weyl structure on X if there exist a (holomorphic) f-form 
a on X such that 

Vg = a®g. (1.1) 

Definition 1.2. A Weyl structure ([g], V) is called Einstein- Weyl if the symmetrized Ricci 
tensor Ruj) — \{Rij + Rji) is proportional to the metric tensor gij, i.e. if we can write 

R {ij) =kg ij (1.2) 

using a function A which depends on the choice of g G [g] . 

Let [g] be an indefinite conformal structure on a real manifold X . A tangent vector v on 
X is called time-like if g(v, v) < 0, space-like if g(v, v) > and light-like or null if g(v, v) = 0. 
We introduce the following global condition. 

Definition 1.3. An indefinite Weyl structure ([g], V) is called space-like Zoll if and only if 
every maximal space-like geodesic is closed. 

Now we state the conjecture for the LeBrun-Mason type correspondence for Einstein- Weyl 
structures. 

Conjecture 1.4. There is a natural one-to-one correspondence between 

• equivalence classes of space-like Zoll Einstein- Weyl structures on S 2 x R; and 

• equivalence classes of totally real embeddings i : CP 1 CP 1 x CP 1 , 
at least in a neighborhood of the standard objects. 

Here the standard embedding CP 1 <— > CP 1 x CP 1 is given by C ^ (CC -1 ) using the 
inhomogeneous coordinate £ of CP 1 . The standard Einstein- Weyl structure is explained in 
Section [5] Before we state the main theorem, we define the following notion. 

Definition 1.5. Let Z be a complex manifold and D C Z be a holomorphic disk whose 
boundary is embedded in Z. Let v S T p Z be a non zero tangent vector at p £ 95). Then v is 
called to be adapted to 2) and denoted by v || 2) iff v S T p dD and v has the same orientation 
as the orientation of <92) which is induced from the complex orientation of J). 

The main theorem is the following. This is the half of the correspondence in the above 
conjecture; from the embedding l to the Einstein- Weyl space. We also claim that the geom- 
etry of the constructed Einstein- Weyl space is characterized by the holomorphic disks in the 
following way. 
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Theorem 1.6. Let N be the image of any embedding of CP 1 into Z = CP 1 x CP 1 which 
is C 2k+5 close to the standard one. Then there is a unique family of holomorphic disks 
{® x }xes 2 xR such that each boundary dT) x lies on N, and that the parameter space M = 
S 2 x R has a unique C k indefinite Einstein- Weyl structure ([<?], V) satisfying the following 
properties. 

1. For each p G N, & p = {x € M \p € dT) x } is maximal connected null surface on M and 
every null surface can be written in this form. 

2. For each p G Z \ N, € p = {x G M \ p G D x } is maximal connected time-like geodesic 
and every time-like geodesic on M can be written in this form. 

3. For each p G N and non zero v G T p N , = {x G M \ p G d5) x , v \\ 5) x } is maximal 
connected null geodesic on M and every null geodesic on M can be written in this form. 

Jf.. For each distinguished p,q G N, <t p . q M \p, q G dQ x } is connected closed space- 

like geodesic on M and every space-like geodesic on M can be written in this form. 

In particular, this Einstein- Weyl structure is space-like Zoll. 

The organization of this paper is the following. We first review the projective structure 
in Section [2] Next, we study about Einstein- Weyl spaces of complex, definite or indefinite 
cases separately Section [3l We prove that, for each case, the Einstein- Weyl condition can 
be translated to an integrability condition for certain distributions. Applying this method, 
we review the proof of Hitchin correspondence in Section [4j In Section [5l the model case 
of the LeBrun-Mason type correspondence is explained. The standard Einstein- Weyl space 
is obtained as a double cover of a real slice of the Hitchin's example. We also study about 
detail properties for this model case. 

From Section[Sl we treat the perturbation of the model case. In Section^ we prove that, 
for a small perturbation of the real submanifold N, there is a unique family of holomorphic 
disks whose boundaries lie on N. This family preserves similar properties as the model 
case, especially concerning the double fibration, which is studied in Section [7] Finally in 
Section [H we prove that there is a unique Einstein- Weyl structure on the parameter space 
of the constructed family of holomorphic disks. We also prove that the geometry of the 
Einstein- Weyl space is characterized by the holomorphic disks as in Theorem II .61 

2 Projective structures 

In this section, we review the projective structures. Let X be a real smooth n-manifold and 
x l (i = 1, • • • , n) be a local coordinate on X. The following arguments also works well in the 
complex case by considering x l as a complex coordinate, and using holomorphic functions 
instead of smooth functions. 

Definition 2.1. Two connections V and V on the tangent bundle TX are called projectively 
equivalent if their geodesies coincide without considering parameterizations. A projectively 
equivalent class [V] is called a projective structure on X. 

Let V and V be connections on TX, and let Y^ k and r'* fe be their Christoffel symbols 
respectively, i.e. Vg h dj — J2^)k^i an< ^ so on ' wnere we denote di = -g—. Notice that V is 
torsion-free if and only if T l - k = Y\,- . 

Proposition 2.2. Suppose that both V and V are torsion-free, then they are projectively 
equivalent if and only if there exist functions fi (i = 1, • • • , n) on X and the following condi- 
tion holds: 

r- fc = r'; fe + l -{5)f k + 5lf 3 ). (2.i) 
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Proof. A curve 7 : (— e, e) — > X : t 1— > is a geodesic for V if and only if 

gPx 1 „„■ dx J c?a; fe 



1 r 14 . = n 

dt 2 jk dt dt 

which is equivalent to the following equations 

Notice that the natural lifting 7 : t 1— > (7(4), 7' (i)) € of 7 is an integral curve of the 
vector field 

< 2 - 3 > 

on TX, where (y l ) is the fiber coordinate on TX with respect to the frame {gfr}- Let 
7r : TX \ Ox — > P(TX) be the projectivization where Ox is the zero section. Then tt*(u) 
defines a line distribution on W(TX) which is the geodesic spray, the distribution defined 
from the natural lifts of the geodesies. 

Let v' be the vector field on TX obtained from V similar as (I2.3[) . Notice that v and v' 
induces the same distribution on V(TX) iff v — v' is proportional to y l ^pr, i-e. 



for some function / on TX. Comparing each side, / must be degree one polynomial, so we 
can write / = fiy\ Then (|2.4p is equivalent to (|2.1j) since we have T l - k = Y l kj and T'- k = Y' k - 
from the torsion free condition. Since V and V are projectively equivalent if and only if the 
geodesic sprays coincide, we obtain the statement. □ 

Remark 2.3. Let G % (i — 1, • • • , n) be functions on TX each of which is a degree-two poly- 
nomial for y % . Then, the vector field 

v _ i_d t d 

dx % dy l 

on TX defines a torsion-free connection by defining T^ k by G l = Y % ^ k yiy k . 
In the complex case, we can prove the following. 

Proposition 2.4. Let X be a complex n-manifold, and T be a holomorphic family of holo- 
morphic curves on X. Suppose that, for each non-zero tangent vector v € TX, there is a 
unique member of T which tangents to v. Then there is a unique projective structure [V] on 
X so that T coincides to the family of geodesies. 

Proof. Let TX \ Ox — — ■> V(TX) — X be the projections, (x l ) be a local coordinate on X, 
and (y l ) be the fiber coordinate with respect to the frame (gfr)- A holomorphic curve c on 
X lifts canonically to the curve c on P(TX), and the velocity vector field of c extends to a 
vector field on 7r _1 (c) C TX of the form 

v =y^ + ^w (2 - 5) 

where G l {y) is a function on 7r _1 (c) with homogeneity 2 for y, i.e. G l (ay) = a 2 G l (y) for 
every a € C x . 
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Since the statement is local, we can assume F(TX) = X x CP"- 1 . Let CP™" 1 = UW a be 
an affine open cover. Applying the above method to the curves of J 7 , we obtain a holomorphic 
vector field on each X x W a of the form 

Va=vl ^ +G ^ y) w (2 - 6) 

where G l a (y) is a holomorphic function on X x W a with homogeneity 2 for y. Since v a and 
induce the same geodesic spray, we can write v a — v/3 = f a p{y)y % ^jt on X x W a flXx Wp 
using a holomorphic function f a p(y) of homogeneity 1 for y. 

since H 1 (P"" 1 ,C(1)) = 0, we can take {v a } so that f a p — 0. Hence we obtain a vector 
field on whole V(TX) of the form (|2.5[) . Then G l must be a degree-two polynomial, so we 
obtain a torsion-free connection V by putting G l (y) — T l - k y^y k (Remark I2.3[) . Here V is 
determined up to projective equivalence since the ambiguity of taking v remains. □ 



3 Einstein- Weyl structures 

In this section, we study about the basic properties of 3-dimensional Einstein- Weyl struc- 
tures. We will prove that the Einstein- Weyl condition is equivalent to the integrability 
condition of certain distributions. We treat three cases separately, i.e. complex, definite, 
and indefinite cases. 

complex case : Let X be a complex 3-manifold and ([<?], V) be a Weyl structure on X. 
Though we argue for fixed g £ [<?], the statements do not depend on the choice of g. We 
denote 

T C X = TX <g> C = T lfi X © T 0,1 X, 
T^X = T*X <g> C = T* 1,0 X © T* °^X. 

Notice that g induces complex bilinear metrics on T la X,T 01 X,T* la X, and T*°> 1 X which 
we also denote g. 

Definition 3.1. For each x £ X, a complex two-dimensional subspace V C T£'°X is called 
null plane if the restriction of g on V degenerates. 

The following property is easily checked. 

Lemma 3.2. If v G T^ ,0 X is null, then v 1 is a null plane. Conversely, every null plane is 
written as v for some null vector v. 

Notice that v 1 - = kerv* for every v € T^°X where v* = g{v,-) e T* lfi X, and that 
v is null if and only if v* is null. Let N(T* 1 '°X) be the null cotangent vectors, and Z — 
F(N(T* 1 -°X)) be its complex projectivization. Notice that each point u € Z corresponds to 
the null plane V u = ker A where A £ N(T* 1 '°X) is the cotangent vector satisfying u = [A]. 
We can define a complex 2-plane distribution D C T 1,0 Z so that <D U C T^'°Z is the horizontal 
lift of the null plane V u with respect to V. Notice that the horizontal lift is well-defined since 
N(T* 1,0 X) is parallel to V because of the compatibility condition 

Proposition 3.3. Let X be a complex 3-manifold. A Weyl structure ([</], V) with torsion- 
free V on X is Einstein- Weyl if and only if the induced distribution © on Z is integrable, 
i.e. involutive. 

Proof. Let {ei,e2,ea} be an orthonormal complex local frame on T 1,a X with respect to 
g £ [g], and {e 1 , e 2 , e 3 } be the dual frame on T* ,0 X. Let u> — (u>j) be the connection form 
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of V with respect to {e^}, and let K* — K* kl e k A e l be its curvature form. Then from the 
compatibility condition we obtain the following symmetry for K : 



(3.1) 



K} kl =A) M + 5^B kl , 
A )kl = - A )lk = - A lw B kl = -B lk . 
Since the frame is orthonormal, Einstein- Wcyl equation is 

#(12) = #(23) = #(31) = 0, i?(n) = i?(22) = #(33)! 

and this is equivalent to 

^213 + ^312 = ^321 + ^123 = ^132 + ^231 = ^' ^212 = ^323 = ^\L31 • (3-2) 

Now let TV = N(T* lfi X) \ X , and tt : TV -> Z be the projection where X is the 
zero section. Then © is integrable if and only if the pull-back 7r*© is integrable. Here 
ir*D C T lfi Af is the complex 3-plane distribution defined by 7r*© = {v S T7v"| 7T*(u) S ©}. 
On the other hand, there is a 2-plane distribution © C T 1,0 Af which is defined in the similar 
way to ©, i.e. ©„ is the horizontal lift of the null plane V u . These distributions are related 
by 7r*o = © ® (T) where 

T = £A,A (3.3) 
is the Euler differential. Now we define several 1-forms on M by 

9 = 12 A * ei ' 9i = dXi - 12 X M '» ^ = ^ - A J fl *- ( 3 - 4 ) 

Then © = {« S T./V| 0(u) = 6>i(v) = (Vi) } and tt*© TW| 6>(u) = t^(u) = (Vi, j) }. 

Hence © is integrable if and only if the 1-forms {6*,Ty} on AT are involutive. Notice that 
T23/A1 = T31/A2 = T12/A3, hence are proportional to each other. 

Let us prove that © is integrable if and only if (|3.2p holds. First, we claim that d6 = 
mod (9 7 Tij) always holds. Indeed, since 9\/ X\ = # 2 /A 2 = 63/ X3, we have 

V6»i A e*' = -i A 6 = mod (0, 7^) . 
— ' Ai 

On the other hand, we have the torsion-free condition: de l + cj*- A e J = 0. Then 

do = ^2 d ^ a e* + ^ dei = 12 e * Ael +12 x ^ dei + A ei ) = mod & T «) ■ 

Next, a direct calculation shows that 

dr 12 = - £ AiAjifl + £ AaAj/^ mod r 12 , (3.5) 

and we can check that g?ti 2 = holds if and only if 

= A3 [ — ^4323 \\ — A\ zl \\ — A\ 12 \\ 

+ { A i32 + ^23i)AiA 2 + (A 2 321 + Af^XsX, + (Al 13 + ^ 12 )A 2 A 3 ] . 

for every (Aj) satisfying J^Af = 0. Hence © is integrable if and only if the Einstein- Weyl 
equation ()3.2|) holds. □ 
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23 can be explicitly described in the following way. As in the above proof, let us take a 
local orthonormal frame {ei, e 2 , e 3 } on an open set U C X . From the compatibility condition 
(jl.ip , the connection form a; of V is written 

( <$> V2 vV 

ril cf> ri\, with 4 = -tA. (3.6) 



\Vi nl <i> , 



We can write 



Then we obtain 



N(T* 1 >°X)\ u = {Y,X i e i \j2^=v}> 

Z\u = {[Ax : A 2 : A3] |E A ?= } 



t 23 = A 2 dA 3 - A 3 dA 2 + Ai farft + A^j 5 + A^ 1 ) . (3.7) 
Let U x CP 1 — > Z|;7 be a trivialization given by 

(x,C)^[*(l + C 2 ):l-C 2 :2C] (3.8) 

where ( e CU {00} is a inhomogeneous coordinate. The horizontal lift tj of v £ T X U at 
{x,() G is 

v = v + i — t(y 2 +( — 2 — i^'dC' 

For (x, C) G Z\jj, the corresponding null plane on T£'°X is spanned by 

mi(C) = ie\ + e 2 + (e 3 , m 2 (z) = ((-iei + e 2 ) - e 3 . (3.10) 

Hence is spanned by thi(C)x and m 2 (C)a;- Therefore the Einstein- Weyl condition is 

equivalent to the involutive condition [mi,m 2 ] € £>. Proposition 13.31 would be also proved 
in this way, it is, however, rather easier to check the integrability condition for 7r*o as we did. 



Definite case : Let X be a real 3-manifold and ([<?], V) be a definite Weyl structure, 
i.e. a Weyl structure on X with positive definite [g]. In this case, we can define complex 
null planes on JfcX. If we put Z = F(N(T£X)), then we can define the complex 2-plane 
distribution © C TcZ in the same manner as the complex case by using the horizontal lift 
defined by (|3.9p . The complex conjugation T£X — > T£X induces a fixed-point-free involution 
(j : Z — ► Z which is fiber- wise antiholomorphic. Notice that D satisfies o*D — <D. We also 
define a complex 3-plane distribution £ c TcZ by £ = £> © V 0,1 where V 0,1 C TcZ is the 
(0, l)-tangent vectors on the fiber of w : Z — » X. Here, we also obtain cr*£ = e. 

Proposition 3.4. Let ([<?], V) fee a definite Weyl structure on a 3-manifold X. Let vj : 
Z — > X fee the CP 1 -bundle and £ fee the distribution on Z constructed above. Then there is 
a unique continuous distribution L of real lines on Z which satisfies L <£> C = £ fl £ on Z. 
Moreover the projection tu(C) of each integral curve C of L is a geodesic. 

Proof. If we take a real local frame {e 1 }, then we can describe the situations in the similar 

way form (|3.6f) to (|3.10[) . Then <D = Span (rhi, m 2 ) and £ = Span ^mi , m 2 , V Since 

£ + £ = TcZ, L exists uniquely from the relation of the dimensions. 
Now let us define 

/ = Cmi + m 2 = 2(ImC)ei + 2(ReC)e 2 + (|C| 2 - l)e 3 . 
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Notice that I is real. We can take a unique function 7 on Z so that 



d 

l f := Cmi + m 2 + 7-= 

is real. Then we obtain L = Span (FN Let p : £ — ► D be the natural projection, then 
p(L) = Span( I ) where I = (m± + iri2. By the construction, the image of an integral curve of 
p(L) by w is a geodesic. Pulling back to £ by p, we obtain the statement. □ 

Proposition 3.5. Let X be a real 3-manifold, and ([</], V) fee a definite Weyl structure on 
X with torsion-free V. TTien ([3], V) is Einstein- Weyl if and only if <E is integrable, i.e. 
involutive. 

Proof, e is integrable if and only if 7r*£ is integrable where ir : TV = N(T£X) \ Ox — > 2. 
If we take an orthonormal frame field {ei,e 2 ,e3} of TqX, and if we use the complex fiber 
coordinate {A^} for T£X, then we can define 1-forms 9, 9i, on Af by (|3.4|) . In this case, 
we obtain 7r*£ = tt*o + tt*^ ' 1 , and tt*e = {u € T*N\ 6{v) = r^(u) = (Vi, j)}. Hence E 
is integrable if and only if {6, Tij) is involutive. By the similar arguments, this occurs if and 
only if ([g], V) is Einstein- Weyl. □ 

Remark 3.6. Locally speaking, %/L defines an almost complex structure on the space of 
geodesies on X. Proposition 13.51 means that this almost complex structure is integrable if 
and only if fl>],V) is Einstein- Weyl (cf.[H]). 

Indefinite case : Let X be a real 3-manifold and ([g], V) be a Weyl structure on X whose 
conformal structure [g] has signature ( — h +). Let {ei, e%, e^} be a local frame field on TX 
such that 

(g ij ) = (g(e i ,e j ))= \ 1 j. (3.11) 

A non zero tangent vector v £ TX is called time-like, space-like or null when g(v,v) is 
negative, positive, or zero respectively. The following properties are easily checked. 

Lemma 3.7. 1. For each space-like vector v, there are just two real null planes which 
contain v. 

2. Each time-like vector is transverse to every real null plane. 

Similar to the definite case, we define N(T^X), the space of complex null cotangent 
vectors, and Z = F(N(T£X)), the space of complex null planes. In indefinite case, we can 
also define N(T*X), the space of real null cotangent vectors, and Zr = P(N(T* X)), the 
space of real null planes. There is a natural embedding Z. The complex conjugation 

T£X — > T£X induces an involution a : Z — > Z which is fiber- wise antiholomorphic and 
whose fixed point set coincides with Zr. 

Let us describe the situation explicitly using the above frame {e^} and its dual {e 1 }. From 
the compatibility condition (jl.ip , the connection form lu of V is written: 



A 

nl $ % 2 I . (3.12) 



We can write 

N(T£X)\u = { ^ I -A? + A| + A| = o}, 

Z\ u = {[\ 1 :A 2 :A 3 ]| - \\ + \\ + \j = 0} 



(3.13) 
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Let U x CP 1 ^> Zr\jj be a trivialization over an open set U C X such that 

(a:, C) — > [(1 + C^e 1 + (1 - C 2 )e 2 + 2Ce 3 ] . (3.14) 

Here Z K corresponds to {(x, Q G Z7 x CP 1 |CeMU{oo}}. The horizontal lift 5 of v G T^C/ 
at (x,C) G Z K |;y is 

^-C^ + C 2 ^}^)!- (3.15) 
If we define 

mi(C) = -ei +e 2 + Ce 3 , m 2 (C) = C(ei + e 2 ) - e 3 , (3.16) 

then trii(C) and rri2(C) span the null plane corresponding to (x, £) G Zr. Define the real 
2-planc distribution Or C TZr so that ©r = Span (mi, m 2 ) where m, are the vector fields 
on Zr such that nif (a?,c) i s the horizontal lift of m(() x - 

We can extend m, mcromorphicaly on Z, and define the complex 2-plane distribution 
•D C TcZ by D = Span (tUi, m.2) - We also define a complex 3-plane distribution e by 
e = © where y 0,1 C TcZ is (0, l)-tangent vectors. Then we obtain 

a*D = <D, a*T. = i . 

© R ®c = 2j|2 H , © K = o n TZ R = e n tZr. 

Proposition 3.8. Let ([<?], V) &e an indefinite Weyl structure on a 3-manifold X. Let 
w : Z — > X oe i/ie CP 1 -oundZe and £ &e i/ie distribution on Z constructed above. Then 
there is a unique continuous distribution L of real lines on Z which satisfies L <£> C = E fl E 
on Z \ Zr and L C £>r on Zr . Moreover each integral curve C of L is contained in either 
Z\Zt& or Z-r, and the projection w{C) is time-like geodesic if C C Z\Zr, and null-geodesic 

Proof. Let us define a real vector field I on X by 

Z = tin - Cm 2 = -(1 + |C| 2 )ei + (1 - |C| 2 )e 2 + (C + C)e 3 - (3.17) 

Notice that Z is time-like if Im£ ^ 0, and null if Im£ = 0. We can take a unique function 7 
on Z so that 

,t ~ 7- 9 

V = mi - Cra 2 + 7-= 

is real. Since Z = mi — Cm 2 is real on Zr, 7 = and Z^ = I on Zr. If we put L — (ft), then 
we obtain L®C = £fl£ onZ \ Zr and L C ©r on Zr. L is unique since E + E = TcZ on 
Z \ Zr. The rest statements are proved in the similar way as the definite case (Proposition 
133. □ 



Proposition 3.9. Let X be a real 3-manifold, and ([5], V) be an indefinite Weyl structure 
on X with torsion-free V . Then the following conditions are equivalent: 

• ([g],V) is Einstein- Weyl, 

• the real distribution Or is integrable, 

• the complex distribution E is integrable. 

Proof. If we put 

^_ x 9 x 9 ^ 9 

T = ^ "^ 2 7i\ ^ "^"ax - ' 

£Mi aA 2 CM3 

Tl2 = Ai# 2 + A 2 $i, T13 = Ai#3 + A301, T23 = A 2 6* 3 — A 3 # 2 

instead of (|3.3p and (|3.4p . then the situation is parallel to the complex or definite case. □ 
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A direct calculation shows 



T23 = A 2 dA 3 - A 3 dA 2 - Ai (Ai?73 + A2773 _ ^2) • 



(3.18) 



(|3~T8| will be used in Section [8] 

Remark 3.10. We can write £> = (nil)© (1TI2) locally, hence c±((d) = Ci((mi))+Ci((tU2)) = —2 
along each CP 1 -fiber of w : Z — > X. Since ci(V 0,1 ) = —2, we also obtain ci(e) = —4 along 
each fiber. 

4 Hitchin correspondence 

In this Section, we recall the twistor correspondence for complex Einstein- Weyl structures 
introduced by Hitchin [6]. 

Let Z be a complex 2-manifold and Y be a non-singular rational curve on Z with the 
normal bundle Ny/z — C(2). Let X be the space of twistor lines, i.e. the rational curves 
which are obtained by small deformation of Y in Z . By Kodaira's theorem, X has a natural 
structure of 3-dimensional complex manifold, and its tangent space at x £ X is identified 
with the space of sections of normal bundle N Y:c /z where Y x is the twistor line corresponding 



Proposition 4.1. There is a unique Einstein-Weyl structure on X such that 

• each non-null geodesic on X corresponds to a one-parameter family of twistor lines on 
Z passing through fixed two points, and 

• each null geodesic on X corresponds to a one-parameter family of twistor lines each of 
which passes through a fixed point and tangents to a fixed non-zero vector there. 

Proof. We have N Yx /z — C(2) for each x £ X since Y x is a small deformation of Y. We have 
T X X = T(Y X , N Y;i: /z) by definition. Each holomorphic section of N Y:c /z — C(2) corresponds 
to a degree- two polynomial s(£) = aC, 2 + bC, + c where C is the inhomogeneous coordinate on 
Y x . We can define the conformal structure [g] so that a tangent vector in T X X is null if and 
only if the corresponding polynomial s(£) has double roots, i.e. when b 2 — 4ac = 0. 

If we fix, maybe infinitely near, two points in Z, then the twistor lines passing through 
these points make a one-parameter family. This family corresponds to a holomorphic curve 
on X. Let T be the family of such holomorphic curves. Then, by Proposition ^. 4[ we obtain 
unique projective structure [V] on X such that T coincides to the geodesies. 

Now, we prove that there is a unique torsion- free V € [V] such that ([ff],V) defines a 
Weyl structure. For this purpose, we first fix an arbitrary torsion- free V € [V], and check 
that the second fundamental form on each null surface with respect to V vanishes. 

For each point p £ Z, the two-parameter family of twistor lines passing through p cor- 
responds to a null surface S on X. Notice that S is totally geodesic and naturally foliated 
by null geodesies each of which corresponds to a tangent line at p. Let N = TX\s/TS be 
the normal bundle of S. The second fundamental form /J : TS (8) TS — > N is defined by 
v (g) w — > [Vdw]^ where the value does not depend on how to extend w. Take a frame field 
{ei, e2, 63} on TX\s so that e\ is null and TS — (ei, e^). Then the metric tensor is 



Since V is torsion-free, V ei e2 — V e2 ei = [ei,e 2 ] £ TS, so g , (V ei e2,ei) = g(V e2 ei, ei). Since 
5i3 7^ 0, we obtain 



to x. 




12 — 




(4.1) 
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On the other hand S is totally geodesic, we obtain 

= 5(V^,e 1 )-C 1 ^ 2 .9i3 (rfa+rfO, 

for every tangent vector £ = £ e% + £ 2 e2 on S. So we obtain Tf 2 + r 21 = 0, and combining 
with (14. 1| . we obtain r 3 2 = r 21 = 0. Hence g(W^rj, ei) = for every vector field £ and 77 on 
S, and this means 77 = on 5*. 

Next we claim that there are functions a%, bi (i = 1, 2, 3) on X such that 

(Vg)yfe = aig jk + ~bjg ik + ^6 fe 5y. (4.2) 
Since II = for every null surface, we obtain 

V„fl&0 = (4.3) 

for every null vector £ and every vector 77 satisfying g{rj, £) = 0. Let us fix a local frame {e{\ 
on X. If we put £ = £ l ej, 77 = 77^ (i = 1, 2, 3) and </5r/fc = V ei (ej, efe), then (14. 3|) is written 

ta^W = 0. (4.4) 
Since £ runs all null vectors, (£*) moves the conic 

c e\ g cp 2 1 5« = 0} . 

For fixed £, (rf) moves the line 

L(e)={[7 ? 1 : 7 7 2 :?7 3 ]GCP 2 | ^(f^-) = 0}. 
Since (|4.4|) holds for every [77*] € we can take a function &(£) satisfying 

for every £ S C and i = 1,2,3. Then we can take &(£) to be a degree-one polynomial. 
Actually, since & gij (i = 1,2,3) does not vanish at once, &(£) = (v?ijfc£ J '£ fe ) / '(^ <7y) defines 
holomorphic section of 0(1) over CP 2 . If we put &(£) = 6fc£ fc , then we obtain 

for i — 1,2, 3. Here b k (k — 1, 2, 3) are functions on X. Since these equation hold for every 
£ € C, there are functions a, on X such that 

fay* - b kgij )XiX k = ai (g jk X^X k ) 

for every (X^) g C 3 and i = 1, 2, 3. Noticing the symmetry, we obtain ()4.2|) . 
Finally, if we define a new connection V by 



then V € [V] and V satisfies 

i.e. V is compatible to [5]. Moreover, ([g], V) is Einstein- Weyl since the integrable condition 
in Proposition 13.31 is automatically satisfied from the construction. Notice that such con- 
nection is unique since the compatibility condition is not satisfied for any other torsion-free 
connection in [V]. □ 
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Remark 4.2. Let X — {(x,p) £ X x Z \ p £ Y x }, then we obtain the double fibration 

X <— X — > Z where w and f are the projections. Each u £ X defines a null plane at 
w(u) £ X as a tangent plane of the null surface corresponding to f(u) £ Z. Hence we obtain 
a natural map A" -> Z = P(AT(Tc 1,0 X)) which is in fact biholomorphic. Identifying A" with 
Z, we obtain D = ker{f, : T { !,' ,Y -> Tji ,0 .Z}. 

Hitchin introduced two examples of Einstein- Weyl spaces each of which is obtained from 
a complex twistor space [BJ. The twistor space of one of them is 

Z = {[z Q : Zi : z 2 : 23] € CP 3 | z\ + z 2 2 + zf = 0} . 

In this case, the twistor lines are the plane sections, and the corresponding Einstein- Weyl 
space is flat. In the other case, the twistor space is 

Z = {[z : x x ■ z 2 : z 3 ] £ CP 3 | zl + z\ + z% + z 3 = 0} . (4.6) 

In this case, the twistor lines are also the plane sections, and the corresponding Einstein- 
Weyl space is constant curvature space. We study more detail about the latter one in next 
Section. 

5 The standard case 

In this section, the standard model of LeBrun-Mason type correspondence is explained. We 
start from Hitchin's example (|4.6|) . and construct the model case as a real slice of it (c.f. j!4j). 

If we change the coordinate, (|4.6[) can be written {[zi] £ CP 3 | z^zj, — ZxZ 2 } which coin- 
cides with the image of Segre embedding CP 1 x CP 1 CP 3 

(K : [vo : Vx]) ' — > [u v : u Vx : uxv : UxVx]- 

So we usually denote Z = CP 1 x CP 1 . Since the twistor lines are the plane sections, the 
twistor lines are parametrized by X = CP* 3 . We introduce a homogeneous coordinate 
[C] S CP* 3 so that [C] corresponds to the plane {[zt] € CP 3 | £' z l = 0}. Let 

x sing = {ie}ecp* 3 \ee = ee} 

be the set of planes each of which tangents to Z. If £ ^sing, then the plane section 
degenerates to two lines 

(CP 1 x [-f 1 : ^°]) U ([-e 2 : f°] x CP 1 ) 

intersecting at the tangent point. We call such a plane section a singular twistor line on Z . 
Since Proposition 14. II does not work on X s i ng , the Einstein- Weyl structure is defined only on 

X \ vising- 

Next we introduce real structures, i.e. antiholomorphic involution on Z. There are several 
ways to introduce such structure. For example, if we take the fixed-point-free involution 

a' : ([u : u x ], [v ■ Vx]) ' — > {[ux ■ uq], [v~x ■ -%]), 

then a' extends to the involution on CP 3 by 

[z : zx : z 2 : Z 3 ] 1 — > [z 3 : -z 2 : -Z~x ■ M- 

Then we also obtain an antiholomorphic involution on X , and let Xr be its fixed point set. 
Since Xr n X s i ng is empty, we obtain a real Einstein- Weyl structure on whole Xr = MP 3 
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as a real slice of the complex Einstein- Weyl structure on X \ X s - mg . This is nothing but 
the definite Einstein- Weyl structure induced from the standard constant curvature metric 
on 



Our main interest is, however, in the indefinite case. Let 

cr : Quo : ui], [v ■ vi]) i — > Qtji : v ], [ui : u \), 

be another involution on Z whose fixed point set is denoted by Zr. a extends to the involution 
on CP 3 by 

[zo ■ z± : z 2 : z 3 ] i — ► [z 3 : Z\ : z 2 : z ]. 

Then we also obtain an involution on X, and let Xr be its fixed point set. In this case, 
^R,sin g = Xjing is nonempty. 

Let (771,772) = (uq/ui, vo/vi) be a coordinate on Z = CP 1 x CP 1 , and let us denote t(t]) = 
fj^ 1 . Then £7(771,7/2) = ^(772), t(t]i)) and Zr = {(77, t(t7)) 1 77 S CP 1 }. In this coordinate, each 
non-singular twistor line I is written as a graph of some Mobius transform / : CP 1 — > CP 1 , 
i.e. I = {(77, f(rf)) 1 77 € CP 1 }. Z is cr-invariant iff r(f(r])) = / _1 (t(t7)), and then we can write 

/(7?) = B^C 

for some (A,B,C) e M x C x M satisfying |B| 2 -^C 7^ 0. ZnZ R is nonempty if \B\ 2 -AC > 0, 
and is empty if \B\ 2 - AC < 0. 

In the non-singular case, the parameters (A,B,C) can be normalized so that \B\ 2 — 
AC = ±1. Since (A, B, C) and (—A, —B, — C) defines the same Mobius transform, we obtain 

\ ^Ming = HUH' where 

H = {{A,B,C) etxCxl \B\ 2 - AC= l}/±, 
H' = {(A,B,C) etxCxl \B\ 2 - AC= -l}/±. 

We obtain an indefinite Einstein- Weyl structure on H and a definite Einstein- Weyl structure 
on H' as a real slice of X \ X s i ng . The conformal structures are the class of 

g = \dB\ 2 - dAdC 

which is indefinite on H and definite on H' . 

If we identify CP 1 Zr : u> 1— > (w,a) _1 ) , then each twistor line corresponding to 
[A, B,C] G intersects with Zr by the circle 

{uj g CP 1 I xl|w| 2 - Bi - + C = } . (5.1) 

Hence H is naturally identified with the set of circles on CP 1 , and its double cover 

B = {(4,B,C)elxCxl \B\ 2 - AC = 1 } = S* 2 x E 

is identified with the set of oriented circles on CP 1 . Since each circle divides the twistor line 
into two holomorphic disks, H is identified with the set of holomorphic disks in Z whose 
boundaries lie on Zr. 

There is a natural action of PSL(2, C) on H, H' and H defined by the following way. 
Each <j> € PSL(2, C) = Aut(CP 1 ) induces an automorphism on Z by 

<P* ■ (771,772) i-> (c/>(77i),tc/>t(772)). (5.2) 

c6* maps each cr-invariant twistor line to the other cr-invariant twistor line. Since <f)„ preserves 
Zr, 0* preserves H and H' . Obviously this action lifts to an automorphism on H, and we 
will see later that this action on H is transitive. 
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Now, we introduce an explicit description of the holomorphic disks corresponding to H . 
Let M = CP 1 x M = Ui U U 2 where U l = {(\i,t) € C x R} are patched by A 2 = Af 1 . Let 
tzj : X + — > M be the disk bundle 

A-+ = (Z7i xD)U (U 2 x B), 

(Ai,t;zi) - (\ 2 ,t;z 2 ) -<=>■ A 2 = Af 1 , z 2 = ^zi, 



where B = {z S C | |z| < 1}. We denote Afe = (C/i x 9D) U (U 2 x <9B), and notice that X M is a 
circle bundle with ci(Ar) = 2 along each fiber of w. Let us define a smooth map f : X + — > Z 

by 



f/i x B 3 (Ai,t;zi) 



[7 2 x B9 (A 2 ,i;z 2 ) 



zi + rAi rz\ — A 



— AiZi + r ' rAiZi + 1/ 
A 2 z 2 + »" ?"A 2 z 2 - A s 



-z 2 + rA 2 ' rz 2 + A 2 
where r = e . In this way, we have obtained the following double fibration; 




(5.3) 



We use the coordinate AeCU {oo} = CP 1 satisfying A = Ai on Ux, and we define -D(A.t) = 
f ° n7 _1 (A, t). Then {-D(A.t) }(A,t)e m gives the family of holomorphic disks which coincides with 
the family corresponding to H above. Hence naturally M = H. Notice that we arranged so 
that the center of Dm t ), i- e - z — 0, lies on 

Q = {(A,-A)eZ lAeCP 1 } 

which is a twistor line on Z corresponding to [1, 0, 1] € H' . 

We have already defined a PSL(2, C)-action on M = H by (|5.2[) . For each element 
S PSU(2) C PSL(2,C), we can check that 0*(D (Ait) ) = £>(0(A),t)- Since PSU(2) acts 
transitively on CP 1 , PSU(2) acts transitively on CP 1 x {t} C M for each igR. On the 
other hand, 

GPSL(2,C) (5.4) 

gives the automorphism which maps the disk -D(o.i) to -D(o. 2 t). Hence the action of 
PSL(2, C) on M = H is transitive. 

Let S(TZ R ) = (TZ ffi \ 0z„)/R+ be the circle bundle on Z R where 0z R is the zero section 
and M + is positive real numbers acting on TZj by scalar multiplication. On Xg_, we can take 
a nowhere vanishing vertical vector field v, i.e. tu„(v) = 0, so that the orientation matches to 
the complex orientation of the fiber of w : X+ — > M. Since f*(v) does not vanish anywhere, 
we can define a smooth map f : Xr — ► S{TZr) by u i— > [f*(v u )]. Then we obtain the following 
diagram: 



S^TZk) 




Proposition 5.1. Let St = CP 1 x {t} C M, and iet ft and ft 6e i/ie restriction off and f 
o?i -cu" 1 (St) respectively. Then, for each t G K. 
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1. f t : (X + \ X R )\ St — > Z\Z R is diffeomorphic, 

2. ft : Xg]s t — > S'(TZr) is diffeomorphic, 

3. ft : <%k|s f — ► -Zr * s <™ S 1 -fibration such that each fiber is transverse to the vertical 
distribution of w : Ar — > M, 

In particular, {^(A.tjjAeCP 1 ffiwea a foliation on Z \ Zr /or eac/i t G K. 

Remark 5.2. Notice that, from I? above, the following holds: for each t G M, p 6 Zr and non 
zero u G T p Zr, there is a unique x G <St such that p G 9-D K and v \\ D x (cf. Definition 1 1 . 5[) . 



Proof of \5.1\ We can assume t = by changing the parameter i G K by the automorphism 
of type (f5T4|) . 

When t — 0, we can interpret the situation to a geometry on S 2 in the following way. 
Let S 2 — {(xi,x 2 ,x 3 ) G K 3 | x \ = 1} an d P : CP 1 A S 2 be the stereographic projection, 

, 2 Re A 21mA 1 - IAI 2 

p : Ai 



1 + |A| 2 ' 1 + |A| 2 ' 1 + |A| 2 

We identify Z with S 2 x S* 2 by the diffeomorphism Z S 2 x S 2 : (771 , ?7 2 ) 1— > (p(?7i),p ^(^2)) 
where r(?y) = 77 . Notice that Zr corresponds to the diagonal in this identification. 
Recall that -D(a,o) is the image of B — ► Z : 

, . / ^ + A z — A 
Wi^/2) 



-Az + 1 Az + 1 

Then dD( X ,o) C Zr corresponds to the big circle on the diagonal S 2 C S 2 x S 2 cut out by 
the plane 

2(RcA)a;i + 2(ImA).x 2 + (1 - |A| 2 )x 3 = 0. (5.5) 

Hence we obtain the one-to-one correspondence between A G CP 1 and the oriented big 
circle p(dD^x.o))i where the orientation is induced from the natural orientation of p(D(x,o))- 
Moreover, we claim that the following conditions are equivalent: 

(Al) (771,772) G Z lies on D(a,o), 

(A 2) the oriented big circle p(dDr\,o)) rounds anti-clockwise around p(?7i), and this big 
circle coincides with the set of points on S 2 which have the same distant from (3(771) 
and p °t(t]2) with respect to the standard Riemannian metric on S 2 . 

Indeed, if (771,772) G £>(a,o)j then the point 

p(?7i) + p°-r(r? 2 ) G K 3 

lies on the plane (|5.5[) . hence the big circle p(<9Z)(A.o)) satisfies (A2). The converse is easy. 
In particular, the following conditions are equivalent : 

(B 1) (771, 772) G Z K lies on dD {XS)) , 

(B 2) the big circle p(dDr\ >0 \) passes through p(r/i) = p» t(t7 2 ). 

The statement follows directly from these interpretation. Actually, for each p — (771,772) G 
Z\Zr, the big circle satisfying (A2) exists uniquely, hence 1 holds. For eachp = (771, 772) G Zr, 
S(T p Zr) corresponds to the oriented big circles satisfying (B2), hence 2 and 3 follows. □ 



The geometry on M is characterized by the double fibration (|5.3[) in the following way. 

Proposition 5.3. 1. For each p G Zr, Sp = {% G M | p G dD x } = w ° f _1 (7j) is maximal 
connected null surface on M and every null surface can be written in this form- 
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2. For each p G Z \ Zr, € p — {x G M \p G Z) x } = nj°f is maximal connected 
time-like geodesic on M and every time-like geodesic can be written in this form. 

3. For each p G Zr and each non-zero v G T p Zr, = {x G M |p G dD x ,v || _D X } = 

° f -1 ([V]) is maximal connected null geodesic on M and every null geodesic can be 
written in this form. 

4- For each distinguished p,g G Zr, £ p , g = {x G M \ p, q G dD x } — & p H 6 g is closed 
connected space-like geodesic on M and every space-like geodesic can be written in this 
form. 

Proof. Since {dD( X ,t)} is the se t of oriented circles of the form (|5.ip . we obtain 

• & p ~ S 1 x R for each p G Zr, 

• £ Pjl , ~ R for each p G Zr and non zero vector v G T p Zr. 

• £ p g ~ S* 1 for each distinguished p,q G Zr, 

Since 6 P is a real slice of complex null surface, it is real null surface. Moreover, it is a 
maximal connected null surface since & p is closed in M. Hence 1 holds. In the similar way, 
we can see that £ P}V is a maximal connected real null geodesic, so 3 holds. € Pi9 is also a 
maximal connected real non-null geodesic. Notice that C Pi9 is contained in the null surface 
& p . Since null plane never contain time- like vector, <£ Pi9 is a space- like geodesic (cf. Lemma 
I37j) . Hence 4 holds. 

Now we check 2. Let p G Z \ Zr and notice that every cr-invariant twistor line passing 
through p also passes through a(p) . So € p is a real slice of the complex geodesic corresponding 
to the two points p, a(p). Hence £ p is a geodesic. From Proposition 15. 1[ we obtain £ p ~ R 
which is closed in M. Hence £ p is maximal connected geodesic. To see that € p is a time-like 
geodesic, it is enough to check that £ p is transversal to every null plane at each point (cf. 
Lemma \3.7\i . Notice that, if we fix three points on Z, there are at most one twistor line 
containing them, hence £ p D & q = {x G M \ p, cr(p), q G D x } is at most one point for each 
q G Zr. Thus £ p is time- like. □ 

In particular, we obtain the following. 

Corollary 5.4. The indefinite Einstein- Weyl structure on M constructed above is space-like 
Zoll. 

Let X = X + Ux R X- be a CP 1 bundle over M where AL = X + is the copy of X + with 
fiber-wise opposite complex structure. On the other hand, we have a CP 1 -bundle Z on M 
equipped with the distributions 2>r, e, L and so on. Then, similar to Remark 14.21 there is a 
natural identification X — > Z such that 

• for each p G Zr, f~ 1 (p) corresponds to an integral surface of ©r, 

• for each p G Z\Z$t, f _1 (p) corresponds to an integral curve of L in X \ Ar, 

• for each p G Zr and [v] G S*(T p Zr), f _1 ([^]) corresponds to an integral curve of L in 

Hence the following holds: 

• ©r = £ n TX R = ker{U : TX R -> TZ R } on X R , 

• L = ker{f» : TX -> TZ} on X + \ X M , and 

• L = ker{% : TX R -> 5(TZ R )} on Ar. 

Recall that we denote St = CP 1 x {t}, and let us denote Xt = w^ 1 (St) where w : X — > M 
is the projection. Let £t = E n TcAt for each t. Then, since L n TAf = 0, we obtain 
£ = (X <g> C) © £ t - From c n i" = L ® C and £ © i~ = TX, we obtain £ t © i7 = TAt. 
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Moreover, since E is integrable, Et is also integrable. Hence E t defines a complex structure 
on X t - 

Now we claim that ft : (X + \ Xn)\s t ~~ * Z \ Zr is holomorphic with respect to the above 
complex structure. Consider the complex Einstein- Weyl space Mc — X \ X s i ng defined at 
the beginning of this section, and let Zc = P(iV(T* 1,0 Mc)). Then we obtain the double 

fc rr 

fibration Mc <— Zc — > Z where fc is holomorphic. On the other hand, there is natural 
embedding i t : (X+ \ X R )\s t — > Zc which is holomorphic since it preserves the distributions. 
Since ft = fc ° it, ft is holomorphic on (X + \ X R )\ St . 

From the above argument, we obtain E t = (ft)- 1 ^ ' 1 ^) C f- 1 (T aA Z) on X + \X R . Since 
L (g> C = kerf* there, we obtain £ = (L ® C) 8 £j C ^(T^Z) on A + \ Ar. Then we also 
have £ C fJ^T 1 ' ^). Since E + £ = T C A + and E n £ = 7 <g> C, we obtain e = f" 1 ^ ' 1 ^) 
on A + \ A R . 

In this way, we have proved the following. 

Proposition 5.5. Identifying X = X + U X- with Z, 

1. <£ = f-^T ' 1 ^) on X + where f, : T C A + -> T C Z, 

2. © R = e n TA R = ker{f* : TA K TZ R } on A R} 
5. 7, = kcr{f» : TA+ -> TZ} on X + \X R , and 

I L = ker{f* : TX R -» S(TZ K )} on A K . 

It is convenient considering the compactification of M and A + . Let 7 = [— oo, oo] be the 

natural compactification of K. If we put M — CP 1 x 7, then we obtain a natural embedding 

l : M ^ M. Next, let * : A + -> M X Z be the embedding defined by = (t ° tu(u), f(u)). 

Let us define Af+ and Ar as the closure of ^(X + ) and ^(Ar) in A7 x Then we obtain the 
double fibration 

(X+,X R ) (5.6) 




where w and f is the projections. 

Notice that w~ 1 (x) is no longer a disk for x — (A, ±oo) £ dM, but a marked CP 1 whose 
marking point is w^ 1 (x) n A R . We denote them by 

£>(A,oo) = 6 _1 (A, -oo) = {A} x CP 1 , 
£>(A,-oo)= ro- x (A,oo) =CP 1 x{-A}, ( '" 

where D(x,<x>) is marked at (A, A" 1 ) and oo) is marked at (— A -1 ,— A). 

Recall the definitions of <£ p , and so on introduced at Proposition 15.31 We define 
C p , £ Pj „ and so on as the compactification in M. Then the following properties are easily 
checked. 

Proposition 5.6. 1. For each p £ Z\Z R , ArL is homeomorphic to S 2 and the restric- 
tion f : A R |g — ► Z R is a homeomorphism. In particular, {dD x } xe ^ p gives a foliation 
on Z R \ {2 points}. 

2. For each p £ Z R and non zero v £ T p Z R , A R |g is homeomorphic to S 2 and the 
restriction f : ArL — > Z R is surjective. Moreover, this is one-to-one distant from the 
curve f~ 1 {p), hence {{dD x \ {p})}xe£ p v gives a foliation on Z R \ {p}. 
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Remark 5.7. For distinguished points p, q <G Zth ~ CP 1 , there are two families of circles called 
"Apollonian circles" . One of them is the family of the circles passing through p, q, which 
corresponds to the space- like geodesic C p , g . The other family gives a foliation on CP 1 \ {p, q}, 
which corresponds to a time-like geodesic and the foliation coincides with the one given in 1 
of Proposition [521 The case 2 of Proposition 15 . 61 corresponds to the degenerated case. 



6 Perturbation of holomorphic disks 

We now investigate in the deformation of holomorphic disks. For a complex manifold A 
and its submanifold B, we call simply holomorphic disk on (A, B) for a continuous map 
(D, <9B) — > (A, B) which is holomorphic on the interior of D = {z G C | \z\ < 1}. 

As in the previous Section, we put Z = CP 1 x CP 1 and Z R = {{r),^ 1 ) | r? G CP 1 }. We 
have the family of holomorphic disks {-D(A.t)} defined from the double fibration (|5.3[) . and 
we call each Dr\,t) the standard disk. In this Section, we treat a small perturbation N of 
2r, and prove that there is a natural (S 2 x R)-family of holomorphic disks on (Z,N) each 
of which is close to some standard disk. From the general theory by LeBrun [8], one can 
show that there exists real three-parameter family of holomorphic disks on (Z, N) near each 
standard disk. We, however, use the method given in [9] so that we can treat more detail. 

First of all, we recall the C^-topology of the space of deformations of Zr in Z. A small 
perturbation N of Zr can be written 



N 



{(v,Hv) ') | r/GCP 1 } 



using an automorphism <f> : CP 1 — > CP 1 which is sufficiently close to the identity map. Let 
{Ai} be finitely many compact subsets and {Bi} be open subsets on CP 1 with complex 
coordinates rji, which satisfy Ai C Bi, 4>(Ai) c Bi and UjAj = CP 1 . Then (j> is identified 
with a combination of functions (hi)i where hi G C k (Ai, C) are defined by <j>(i]i) = t]i+hi (Tji). 
The C fc -topology of the set of deformations of Zr in Z is defined by the norm 

||</>||c fc = SUp||/li|| C fc( Ai) 

i 

where ||^i||c fe ( J 4 i ) is suprema on Ai of absolute values of all partial derivatives of hi whose 
order is less than or equal to k. In particular, for a compact subset A £ CP 1 which is 
contained in a coordinated open B and which satisfies 4>{A) C B, \\h\\ c k (A) is sufficiently 
small if <fi is sufficiently close to the identity where ^(77) = rj + h{r/). 

Lemma 6.1. Fix a standard holomorphic disk D = D(\ t y If N C Z is the image of any 
embedding CP 1 <—* Z which is sufficiently close to the standard one in the C k+l -topology with 
k,l> 1, then there is a real three-parameter C l -family of holomorphic disks on (Z,N) each 
of which is L\ close to D . 

Proof. Since there is a transitive action of PSL(2,C) on the standard disks, we can assume 
(A,t) = (0,0), i.e. 

D = {{z,z) e Z\z G B} 
where B = {z e C | \z\ < 1}. If we put A = {n G C | \ < < 2}, then N can be written 

{ (v , (V + Kv))' 1 ) G Z J 77 G a} 
near 3D using h G C k+l (A) whose C k+ -norm is sufficiently small. 
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Then a small perturbation of 3D is given as the image of 



S 1 -> N 



,i(0+«(8)) 



^ e i(9+«(9))y ^ 



where m is a C-valued function on S" 1 = R/2irZ. Here we denoted = u(8) and ^(77) 
Then we define the maps & : ^(S 1 , C) x C k+l (A, C) -» £l(S\C) by 



[$i{u,h)]{0) = e« e+u W\ 



[Sa («,&)](*) = 



-t(9+fi(fl)) + /j 



(ft)) 



(6.1) 



and define n : Lj^SSC) -» L?l by 



n £ 



(7 ft 



E 

z<o 



(7 ft 



Similarly let us define n : X^S 1 , C) -> C by 



(6.2) 



For given h, we want to arrange u £ L^S 1 , C) so that [$i(u, h)}(9) extends holomorphically 
to {\z\ < 0} for z — e l9 . Taking the derivation fo, we obtain 

[Si*(o,o)(i l ,hW)=ie ie u(e), 
[^2*(o,o)(« ) h)}(6) = ie»*(6) - e 2l6 h{e l6 ). 
Now, we introduce some bounded operators (c.f. [9]). Set 

U<0 i<0 J 

u<o ;<o J 



-IE 

M=-oo 



die 



a . 



Then, for k,l > 1, we define a C'-map 

d:Ll(S\C) x C k+l {A 7 C) — ► L\{ y.L\\ xC k+l (A,C) x C x C x 
5= ploffi) x (n = 5 2 ) xJIx (n-ffi) x (no^ 2 ) x m, 

where 

JI : ifc(S' 1 ,C) x C fe+ '(A,C) — ► C k+l (A,C) 
is the factor projection, and 

m : L\ (S 1 , C) x C* fe+i ( A, C) — ► C 

is given by 

1 f 2 " 
m{u,h) = — / w(e»)d6», 
27r Jo 
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i.e. m(u,h) — n(u). $ is C l since II, JI, n and in are all bounded linear operators, and its 
derivative is given by 

3* = (n°3i*) x (n°# 2 *) x JI x (n°#i*) x (n = S" 2 *) x in. 

In particular, if we write u{9) = u n e me , then we obtain 

E n <o iu n -\e m9 
*E„<o«l-ne mf, -^(e 2^f, / l ( e i^, )) 

h 

iu-i 

iui - n (e 2ie h{e ie )^j 
uo 

Since 3*(o,o) nas bounded inverse, the Banach-space inverse function theorem tells us that 
there is an open neighborhood it of (0, 0) G Li^S 1 , C) x C k+l (A) and open neighborhood 23 
of G L\i xL'H xC k+l (A, C) x C x C x C such that $\ u : it -> 23 is a C'-diffeomorphism. 

Hence, for given ft, we obtain complex three-parameter C'-family of holomorphic disks 
defined from (it, h) — $~ (0, 0, h, 01,0*2, ft), where a±,O2,0 are small complex numbers. It 
contains, however, real three-dimensional ambiguity which comes from the disk automor- 
phism. To kill this ambiguity, it is enough to use the inverse of 

(0, 0, h, a, -a, i/3) G L%{ xL 2 k [ xC k+l (A, C) x C x C x C, (6.3) 

by 3 for (a, (3) G C x R which is sufficiently close to (0, 0). Now the statement follows since 
1S sufficiently small if N is sufficiently close to Z^. □ 

Remark 6.2. 1. Let 2) be any holomorphic disk on (Z,N) constructed as above lemma. 
Then D intersects with N only on the boundary <9D . Actually, let D — * Z : z 1— ► (ipi (z) , ip 2 (z)) 

be the map corresponding to S and denote N = {(77, <f){n) ) j 97 G CP 1 }. Notice that 
rj 1 — ► 0(77) maps y?i(c?lD>) to (^2 (915) and maps the interior of </?i(B) to the outside of tf 2 {p). 
Suppose that there is an interior point z£D such that ^2(2) = ^(ViX 2 )) ■ Then tpi(z) is 
contained in the interior of ipi(D), and <j){ipi{z)) is out side of </? 2 (ID 1 )- This is a contradic- 
tion. 

2. We can take 23 so that 

23 = Q3i x 23 2 x 23 x Vi x V2 x V a , 
W={he C k+l (A, C) j \\h\\ c u + i {A) < £ } , 

where 23^ C L^J. and Vi C C are small open sets and £0 > is a constant 
used in the following arguments. 

Next we want to prove that, if N is sufficiently close to Zn, then the method of Lemma |6~T1 
works for all standard disks at once. Then we need uniform estimate of the deformation N 
of Zr among all standard disks. In the LeBrun-Mason's case [HI [TO], the parameter spaces of 
holomorphic disks are compact and homogeneous, so the uniform estimate is automatically 
deduced from the local estimate. In our case, however, the parameter space is non-compact 
space S 2 x R, so we need more detail arguments. For this purpose, it is enough to show that 
the deformations of the disks are "tame" as in the following lemma on the neighborhood of 
the boundary of the parameter space. 

Lemma 6.3. Let {Dn t \} be the standard disks. Suppose N C Z is sufficiently close to Zg_ 
in the C k+l -topology . Then the three-parameter family of holomorphic disks on (Z,N) near 
-D(A,t) always exists for each (X,t) G CP 1 x R with t^$>0. 



k(0,0) 



(6.4) 

. This notation is 
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Proof. It is enough to consider the case A = 0. We fix a small constant c > and let B c = 
{z E C | \z\ < c}. Notice that the compact subset B c x CP 1 C Z contains all holomorphic 
disks of the form -D(o,t) if e* > 2c _1 . We can write 



n n (B c x cp 1 ) = { (p, ( v + h( v )) I v g b c } 



(6.5) 



using ft, E C k+l (B c , C). We claim that if ||ft||c fc+! (B c ) < > then the three-parameter family 
of holomorphic disks on (Z,N) near -D(o^) exists for all e* > 2c _1 . Here eo is the constant 



defined in (16.4 



Now we show that it is enough to prove the case when h(0) = and ||ft||c fc + ! (s c ) < ^tj- 
Actually, if we change the coordinate (fyi,??^ 1 ) G 2 to (Cijfa" ) by the relation 

£l = f?l> &=»72 + M )> 

then we can write 

Nn(B c x cp 1 ) = { (U£ + s(£)f ') | C g s c } 

using <?(£) = — ft(0). Here we obtain ||5||c fe +'(B c ) < ^/f since 

sup < sup ^(01 + 1^(0)1 < 

sup |£> 5 (0| = sup \Dh(0\ < A=, 
ieB c {es c 4V2 

where D is any partial derivative of the degree less than or equal to k + I. Hence, if we 
rewrite h instead of g, we can assume h(0) = and ||ft||c fc + ! (B c ) < ^75 

We denote r — e from now on. A small perturbation of <9-D(o.t) is given as the image of 



S 1 



N 



r -x e i{e+ u {e)) 



r -x e -i{e+u{e)) 



+ h[r L e 



ij{e+u{6)) 



where u is a C- valued function on S . 

Let A r = {z G C | < M < 2 »" -1 } and A = A 1 , then A r is a compact subset of B c if 
r > 2c- 1 . We define the maps : Lg^.C) x C fc+! (A r ,C) -» l£(<S\C) by 



[#(«,/O](0)=r~ 1 e i(fl+uW) . 



= Ir^e-W-WV +h(r- 1 e- 
Putting h r (z) = rh(r~ 1 z), we obtain 

[r 1 {u,h)](9) = r- 1 [$ 1 (u,h r )K0), [ri(n,h)](e) = r[di(n,h r )](0), 



(6.6) 



where Si is the map given by (|6.1[) . Notice that the map p r : h ^ h r gives an isomorphism 
of Banach spaces C k+l ( A r , C) -> C fc+ ' (A, C) . 
Similar to the proof of lemma 16.11 we define 

y : ifeC^.C) x C fc+ '(A r ,C) — ► Lgj. xi^J. xC t+I (#,C) x C x C x C 

&■ = (H.ffl) x ( n °52) xJIx (n.JI) x (n.® x in, 
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where JT is the projection. Then we can relate 3 r with ^ in the following way. Let m(r) be 



multiplication of r on Li J, or C 
L 2 k (S\C) x C fc +'(A r ,C) 

idxp*" 

4(S\C) x C fe +'(A,Q- 



then we obtain the following commutative diagram 



L\{ xL U xC k+l (A r ,C) x C x C x 



L tl xL U xC fc +'(A,C) x C x C x 



(6.7) 



where <& r = m(r) x m(r _1 ) x p r x m(r) x m(r~ 1 ) x id. Notice that the vertical arrows 
in the above diagram are isomorphisms, and that the restriction : it — > 5J gives C l - 
diffeomorphism from the proof of lemma 16.11 Hence the restriction 

T : (id x p r )- 1 (il) — ($ r )- x (9J) 



is C -diffeomorphism. If we take 03 to be the product as in (|6.4p . then 

($ r )- 1 (QJ) = r- 1 ^O l x r2J 2 x (p r ) _1 (2rr) x r~ l Vi x rF 2 x F 3 . 

We want to show that H\a t G (/ c ' r ) _1 (2U): or equivalently ||ft r |lc' t + , (-4) < e °> ^ or a ^ 
r > 2c _1 . Let x,y be the real coordinate such that r\ = x + iy, and let D — d m jdx^ dy m ~i 
be a derivation of degree m < I + k, then we obtain 



Hence 



Dh r {r)) =r 1 -" l Dh(r- 1 r 1 ). 



sup |W(?/)I < r 1 "" 1 sup l^/ifr- 1 //) | < r 1 "™ sup \Dh(Q\ < -i^r 1 "™ < e 0) 

r/EA r/EA <^EA r 2\J2 

if m > 1. For m = 0, notice that 



IM>7)I < 



dt < 



dh 
dx 



(t v ) 



\x\dt - 



Oh 
dy 



(tv) 



\y\dt 



< 



hence we obtain 



re 



sup \h r (rj)\ = rs\xp\h(r 1 ^7) | =r sup \Dh(£)\ < sup \(\ 

1-/EA rjEA (EA r 2 ££A r 



eo- 



In this way, we have obtained ||^- r (?7)|| 



< Eq for all r > 2c 



□ 



\C k + l (A) 

Remark 6.4. Lemma [6731 also holds for (<0. Exchange the role of factors of Z — CP 1 x CP 1 
and change t with —t to prove this case. 

From Lemma HTTl and HOI we obtain the following statement. 

Proposition 6.5. If N C Z is the image of any embedding CP 1 Z which is sufficiently 
close to the standard one in the C k+l -topology with k,l > 1, then there is a C l family of 
holomorphic disks on (Z, TV) each of which is L\ close to some standard disk on (Z,Zr). 

We will strengthen this statement in Proposition 17.31 
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7 The double fibration 

In this section, we investigate in some properties for the family of holomorphic disks con- 
structed in Section [6l We continue to use the notations S',^i,it, 23 and so on. 
For each h £ C k+t {A, C), we define C z -maps E h , ff : U -> L^S 1 , C) so that 

(E h (a, P),h)= 3^(0, 0, h, a, -a, z/3), 

(a, /?) (e ie ) = 3? x (S h (a, /?), fc) (0) = exp * { + S h (a, /3) (9) } , 

f?(a,/3)(e ifl )=$ a (H h (a,/3),/i) (9), 

where U C C x M is a small open neighborhood of (0, 0) depending on h. By definition, 
Fi(a,f3)(z) extend to holomorphic functions onB= {|z| < 1}, and satisfy Fy (a,/3)(0) = a 
and F£ (a, /3)(0) = —a. If we expand 

S h (a,/?)(0)=£H h (a,/?) fc e^ (7.1) 
fc 

then we obtain S ?l (a, / 9)o = i/3 by definition. Notice that we can also define the derivations 
and F/^ which satisfy 

(~£(d, /3), 0) = ^(O, 0, 0, d, -d, i/9), 

F 1 \(d lJ 9)(e M )=ffi* (s ft (d,/3),0) (0)=iF/V*)^(d,/3)(0), 
F 2 \(d,/3)(e ie )=S ; 2 *(s ,l (d ! /3),0) (0), 

F 1 \(d,/3)(0)=d, F 2 \(d,/3)(0) = -d, and 5*(aJ) =ij3. 

Let TV C ^ be the image of any embedding CP 1 Z which satisfies Proposition 16.51 
Let us denote 23^ ^ for the holomorphic disk on [Z, N) which corresponds to the element 
(0, 0, h, a, —a, ij3) £ 23 in the notation of the proof of Lemma RTT1 Then 

*" a ,p) = {{FK<x,P)[z),F%{a,l3){z]) eZ\ z&B}, (7.2) 

and {23^ p\}(a,p)EU gives the three-parameter family of holomorphic disks each of which is 
L^-close to the standard disk £>(o,o)- Notice that 23^ ^ passes through (a, —a) when z = 0, 
hence, for fixed a, {23^, defines a one-parameter family of holomorphic disks which pass 
through (a, —a). 

In the standard case, the following statement holds. 

Proposition 7.1. 23/*^ coincides with the standard disk D^ a ^. 

Proof. Since the disk 

®?U = { (3){z)) £ Z | z G ©} 

coincides with one of the standard disks near -D(o,o) , there is a unique element (A, t) £ CP 1 x R 
near (0, 0) such that 

F°(a, /?)( e i9 ) = exp i (6 + E°(a, /?)(#)) = ^Je+^f ( 7 ' 3 ) 

Then we obtain a — F°(a, /3)(0) = A. On the other hand, taking the derivation of (|7.3p . wc 
obtain 

(A + A<)e^( ie "*) 



i^(d,/3)(0) 



1 + Ae-( i( ?-*) 1 - Ae ,; 
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If we expand the right hand side and compare the constant terms, then we find 

ip = Z°(a,$) =ii. 

On the other hand, it is easy to see that t = f3 when a = 0. Hence (A, t) = (a, (3) for each 
(a,p)€U. □ 

Let M be the parameter space of the family of holomorphic disks on [Z, N) constructed 
in Proposition 16.51 Then M has natural structure of real 3-manifold and we can take a 
coordinate system on M in the following way. For each (A, t) G CP 1 x R, chose an element 
T = T(A, t) G PSL(2,C) such that T„(D (A t) ) = D (0 ,o), where {D(A,t)} is the standard disks. 
Let U T C C x K be an open neighborhood of (0,0) such that are defined. Then 

l^aT 1 ®^^ | gives the family of holomorphic disks on [Z, N) each of which is close 

to -D(A,t), and {[/ T ( A '*)} gives a coordinate system on M. 
Using above coordinates, we prove the following Lemma. 



Lemma 7.2. Suppose N C Z is sufficiently close to Zr so that Proposition \K5\ holds, and 
consider the constructed family of holomorphic disks on (Z, N). Then, for each q — (a, —a) G 
Z, there is an WL-family of holomorphic disks each of which passes through q. Moreover there 
is a natural compactification of this family and the boundary points ±oo correspond to marked 
CP 1 . 

Proof. We can assume a = 0. Take any t so that \t\ is sufficiently small, and consider the 
standard disk £>( ,t)- If we define T G PSL(2, C) by 



T 



e2 

_ t 
e 2 



then T*(rii,rto) = (e^e 4 ry 2 ) and T»(Z>( 0)t )) = -0(0,0)- Now {t„ ^pfprf } /3 , eV S ives a one " 

parameter family of holomorphic disks on (Z, N) each of which is close to D(p,t) and pass 
through (0, 0). Here we denoted V — {/?' G K | (0, /?') G £/ T }. 

Since \t\ is small, there is an open set V C V such that T^ 1 ©^*^ is sufficiently close 
to -D(o,o) f° r all 0' G V. Hence, for each /3' G V' , there is a unique (a, /3) such that 

T-^5W=^. (7.4) 

Now N and T»(iV) can be written locally 

AT: {(77,(77 + _1 ) J v e a}, T,(N) : { (77, (^7 + | V G a| (7.5) 

using C fe+/ -function ft, which is defined on a neighborhood of A = {z G C | | < |z| < 2}. 
Here we denoted ft T = ThT^ 1 . Then ([7T4]) is equivalent to 

e- t Ff(0,/3')(z) = Ff(a,/3)(z) on zeD. 

Evaluating z — 0, we obtain a = 0. Moreover, this is also equivalent to 

it + Z hT (0,f3 r )(6) = E h (a,(3)(e) on 9 G S 1 . 

Comparing the constant terms for e i6, ; we obtain f3 — (3' + t. Hence (|7.4p is equivalent to 
(a, /3) = (0, /3' + t). So the one-parameter family {23^ / g)}(o,/3)e£/ extends to 

{PGR I (0,j8) G I7ar(0,j8-t) G C/ T } 
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by putting 95mm = T r 1 58^*^J t )- In this way, we can define the one-parameter family 
fOT all '/3 E K. 

The statement of the compactification is obtained from Lemma l6.3l and its proof. Indeed, 
in the notation of (|6.5p , if we take the limit t — ► oo, then we obtain the family of holomorphic 

disks on (Z, N) whose limit degenerates to {0} x CP 1 marked at (0, h(0) ). As we explained 
at Remark [Hill we also obtain another marked CP 1 by t — > — oo. □ 

Now the following statement is easily proved. 

Proposition 7.3. If N C Z is the image of any embedding CP 1 Z which is sufficiently 
close to the standard one in the C k+l -topology with k,l > 1, then there is a C l family of 
holomorphic disks on (if, N) parametrized by S 2 xR which satisfies the following properties: 

• each disk is Li- close to some standard disk, 

• there is a natural compactification of the family such that the compactified family is 
parameterized by S 2 x I, and each boundary point on S 2 x I corresponds to a marked 
CP 1 embedded in (Z,N), 

where I = [— oo,oo] is the compactification o/R. 

Proof. Let Q — {(A, —A) E Z\ \ E CP 1 }. For each q E Q, there is an R- family of holomorphic 
disks constructed in Lemma [7.2l Since these families varies continuously, we obtain the family 
of holomorphic disks parametrized by Q x R ~ 5 2 xM. The statement for the compactification 
is obvious from Lemma 17.21 □ 



For each (A, t) E CP 1 x R, we define 

£>(A,t)-J* 23 (0j0) 

where T = T(X,t) E PSL(2,C) is an element which satisfies T*(Drx,t)) = -^(0,0)- Then we 
obtain the continuous map j : CP 1 xK->M: (A, t) i— > S(x,t)- Moreover, we can prove that j 
is an isomorphism in the following way. For each constructed holomorphic disk D on (Z, N) , 
we can choose (A,i) and T = T(\,t) so that D = T~ 1( bJq^ . Here A is uniquely defined so 
that the center of D is (A, —A). Then D — ©(0,0+t) from Lemma [7T21 and its proof, so j is 
surjective. The injectivity and the continuity of j x is also deduced from above procedure 
of choosing (A, t), hence j is isomorphism. 

Let us construct the double fibration. Let U C CP 1 x R be a sufficiently small neighbor- 
hood of (0, 0). For each (A, t) E U, we define T = T(A, t) E PSL(2, C) by 



T 



e-tv/TT^F 



1 -e*. 
A e* 



then we obtain T*(D( X ,t)) — ^(0,0) ■ Introducing C^+'-function h and h T similarly to (|7.5p . 
we define a map f : U x D — * Z by 



f(A,t^) = T- 1 (^ T W,^ T (^)) 



Then f is C' for (A, t) and C* 1-1 for z, and we obtain S (Ajt) = {f(A, t; z) E Z \ z E D}. 

Constructing similar map for each neighborhood of CP 1 x R, and patching them, we 
obtain the double fibration 

(X+,X U ) (7.6) 
(Z,N) 
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where w is a disk bundle. By the construction, X + is the same disk bundle as the standard 
case. In particular, we obtain that Ci(Ar) — 2 along each fiber of w and that zu is C°°. 

Lemma 7.4. Let N C Z be the image of any embedding CP 1 <— > Z which is sufficiently 
close to the standard one in the C k+l -topology with k,l > 1, and consider the double fibration 
|7.6p . Then /*(v) ^ /or eac/i non zero vector v G TAr such that G7*(v) = 0. 



if we need, the statement holds for v £ ker over U C M where t7 is the neighborhood 
introduced above. 

Now, recall the diagram ()6.7p in the proof of Lemma RP1 Notice that the L^S^C) 
component dose not change by the vertical arrow, so we can estimate u £ L^(S\ C) uniformly 
so that -^[d\{u, h)](9) does not vanish for all r. Hence the statement holds for all v £ 
ker vj* . □ 

By Lemma El we can define the lift f of f by f : X R ->■ S(TN) : u i-» [f*(v„)]. Here v 
is a nowhere vanishing vertical vector field, i.e. G7*(v) = 0, whose orientation matches to 
the complex orientation of the fiber of w : X + — » M, The next Proposition is the perturbed 
version of Proposition [5H] 

Proposition 7.5. Let N C Z be the image of any embedding CP 1 <—* Z which is sufficiently 
close to the standard one in the C k+l -topology with I > 1, k > 2. Consider the double fibration 
1 7.6] ), Zei St = CP 1 x {i} C M, anrf /ei ft and ft &e i/ie restriction of f and f on zu {St) 
respectively. Then, for each t G R, 

1. ft : {X+ \ Xst)\s t —> Z\N is diffeomorphic, 

2. ft : Xg\s t — > S(TN) is diffeomorphic, 

3. ft : Aij|s t — > N is an S 1 -fibration such that each fiber is transverse to the vertical 
distribution of w : Afe — > M, 

In particular, {^(x.t^x^cr 1 gives a foliation on Z\N for each tgM. 

Remark 7.6. From 2 above, the following holds: for each t £ R, p £ W and non zero u € T P JV, 
there is a unique x € St such that p € and v \\ J) x )- 

Proof of \ 7. 5\ Since St is compact and f is C 1 -close to the standard case, we can assume the 
derivation of f t to be non zero everywhere by shrinking 2U smaller if we need. Here 2B is the 
open set defined in Remark 16.21 Notice that we can arrange so that this property holds for 
all t G R at once by Lemma 16.31 and its proof. Thus ft gives proper local diffeomorphism on 
(X + \ X^)\s t i and this is actually diffeomorphism since f t is close to the standard case. 

By the similar argument for the lift f : X^\s t — » S(TN), we obtain the property 2. If 
there are x £ St and p £ N such that ta^ 1 (x) and fi" 1 ^?) are not transversal at u £ X^, then 
(ft)*(v u ) = 0. This contradicts to Lemma l7Tl Hence 3 holds. □ 

From Proposition [73l we obtain the natural compactification of 137 and f which gives the 
following double fibration: 



Proof. For each (u,h) £ L^S 1 ,C) * C k+l 



(A, C), we have 




(X + ,Xg.) 



(7.7) 




M 



(Z,N) 
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which is studied in Section [5J 

For the last of this section, we prove the following technical lemma which enables us 
to prove the non-degeneracy of the induced conformal structure. Let us denote £ p = 
Wa f~ 1 (p) = {x E M\p E T) x } for each p S Z\N, then € p is an embedded i in M from 
Proposition 17.51 Notice that £ p is a closed subset in M since it connects two boundaries of 
M. 

Lemma 7.7. Let x E M , then there are two points p\,p 2 E %) x \ d1D x such that £ Pl and £ P2 
intersect transversally at x 

Proof. We can assume x = (0,0), and we use the local coordinate (a, [3) E U around x. 
Each tangent vector on T( 0i o)M is given by (d, /?) E C x K = T( ,o)(C x E). Notice that the 
tangent vector (a, (3) E TtQ^M induces to the vector field 

(Fi.(d,/3)(z),F 2 .(d,/3)(z)) 

along ID(o,o)- Here we identified C x C with the tangent vectors on each point of C x C C Z. 
Fi*(6t,f3) and i*2*(d,/3) are holomorphic functions on B and their zeros coincide since 

Fi.(d,/3)(e <9 ) =ie i9 ~*(aj)(6) : 
F 2 *(aJ)(e w )=ie w S,(A,/?)(0) 

by (|6.2|) . If ^ 0, then Fj_ * (0, 0) (z) is not zero function since is bijective, and Fj_ * (0, /3) (0) = 
by definition. This means that (0, /?) € T( )M tangents to <£(o,o) since the one-parameter 
family of holomorphic disks fixing (0, 0) E D C Z is unique and this family corresponds to 

the vector field (i^i * (0, j9) (0), i^a * (0, j9) (0)) along®. 
Now consider the vector field 

(F 1 4ta,P)(p),F 2t (taJ)(0)) 

for t E [0,1] and non zero d E C with sufficiently small |d|. Then i<i * (id, $) is non zero 
holomorphic function on D for all t, and its zeros vary continuously depend on t. Hence there 
is zi E D near such that Fi*(d,/3)(zi) = 0, and we obtain z\ ^ since i*i*(d, /3)(0) = 
q^0. If we put p 2 = (Fi(0,0)(zi),F 2 (0,0)(2i)) E £(o,o), thcn wc nnd that € T (0 , 0) M 

tangents to £ P2 . Hence pi = (0,0) and p 2 satisfies the statement. □ 

8 Construction of Einstein- Weyl spaces 

In this Section, we construct an Einstein- Weyl structure on the parameter space of the 
family of holomorphic disks on (Z, N) constructed in the previous Sections. The following 
proposition is critical. 

Proposition 8.1. Let M be a smooth connected Z-manifold, w : X — > M be a smooth 
CP 1 -bundle. Let p : X — » X be an involution which commutes with m , and is fiber-wise anti- 
holomorphic. Suppose p has a fixed-point set X p which is an S 1 -bundle over M , and which 
disconnects X into two closed 2-disk bundles X± with common boundary X p . Let Jl C TcX 
be a distribution of complex 3-planes which satisfies the following properties: 

• p*A = Ji; 

• the restriction of Jl to X + is C k , k > 1 and involutive; 

• R + H=T C X onX\X p ; 
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• JlR kertu* is the (0, 1) tangent space of the CP 1 fibers of w; 

• the restriction of R to a fiber of X has C\ = —4 with respect to the complex orientation; 

• the map X — > P(TM) : z i— > m*(R n H) z is nof constant along each fiber of w. 

Then M admits a unique C k ~ 1 indefinite Einstein- Weyl structure ([<?], V) smc/i i/iai t/ie 
null- surfaces are the projections via w of the integral manifolds of real 2-plane distribution 
R n TX p on X p ; 

Proof. Let V 0,1 be the (0, 1) tangent space of the fibers, then 13 = R/V ' 1 is a rank two 
vector bundle on X. We can define a continuous map ip : X — ► Gr2(TcX) by z i— > n7»(H| 2 ) 
which makes the following diagrams commute: 

A" ^Gr 2 (T c X) A" ^Gr 2 (T c X) (8.1) 

Q C 

X X ^Gr 2 (T c X) 

Using the involutiveness of H, we can prove that tp is fiber-wise holomorphic by the similar 
argument as in [9l [10] . 

Let <p : Gr 2 {T c X) — > F(A 2 T C X) ^ P(T£X) be the natural isomorphism, then we 
obtain the fiber- wise holomorphic map ip = *P ° ^ : X — > P(T^X). By definition, we obtain 
ij)*Q(— 1) = A 2 15. On the other hand, since ci(y 0,1 ) = —2 and ci(H) = —4 on any fiber of 
w, we have ci(A 2 0) = ci(O) = —2. Hence ?/> is fiber-wise degree 2. For each fiber, there 
are only two possibilities for ip; either a non-degenerate conic or a ramified double cover of 
a projective line CP 1 C CP 2 . 

The latter is, however, removable. Indeed, any line CP 1 C CP 2 corresponds to the planes 
in C 3 containing a fixed line. Notice that, for each z G X \ 

ro*(lin H) z = w*{R\ z )r\m*(R\ z ) =w»{R\ t )r\w v {R\ p{z) ) 

is independent on z if the image of vo~ l {x) under ip is a line. This contradicts to the 
hypothesis. 

Now, we define a conformal structure [g] . Let U C M be an open set and let U x CP 1 — > 
Af|(7 be a trivialization on [/. Let ( be an inhomogeneous coordinate on CP 1 such that 
p(x, C) = (x, C). Then we can choose a C k frame field {e\, e 2 , e$} on TM\u so that 

i>(x, C) = [(1 + C 2 )^ + (1 - C 2 )e 2 + 2Ce 3 ] (8.2) 

where {e 1 } is the dual frame. Define an indefinite metric g on U so that g(ei,ej) is given 
by p. lip . Here, the frame {e^} is uniquely defined by (|8.2|) up to scalar multiplication, and 
the coordinate change of £ cause an 50(1, 2) action on the frame {e^}. Hence the conformal 
structure [g] is well-defined by ip. So we obtained an indefinite conformal structure [g] on 
M. 

Next we prove that a unique torsion-free connection V on TM is induced, and ([<?], V) 
gives an Einstein- Weyl structure on M. We also prove that R agrees to the distribution e 
defined in Section [3l 

We fix an indefinite metric g € [g], and take a local frame field {ei, e 2 , e^\ of TM on a 
open set U C M as above. It is enough to construct V on U. Notice that (|8.2p gives the 
natural identification X ^ Z = P(jV(T£M)) on [/. If we define the map m l : E7 x C -> TM 

by 

mi = -ei + e 2 + Ce3, m 2 = C(ei + e 2 ) - e 3 , (8.3) 
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then we obtain w*(Jl\^ x ^-j) = Span (mi, m 2 ) (cf. (|3.16p ). 

Let rhi be the vector fields on U X C C U X CP 1 ~ X\u such that e R and is 
written in the following form: 



d „ 

mi=mi + a— , m 2 =m 2 + /?^- 



(8.4) 



where a and /? are functions on X. Then a and (3 are uniquely defined and C k . Moreover, 
a and /3 are holomorphic for £ since 



d_ 



mi 



9a 9 



o 



mod H, 



and so on. 

By the similar argument for (~ 1 mi on Q E U x CP 1 | £ 7^ 0}, we find that £~ 1q; 
and (~ 1 (3-^r extends to holomorphic vector fields on {£ ^ 0}, hence we can write 



d 

mi = mi + (a + aiC + a 2 C 2 + a 3C 3 ) ^ 
m 2 = m 2 + (ft, + AC + AC 2 + ^C 3 )^, 



(8.5) 



where and Pi are C fc functions on U. 

Recall that the compatibility condition V ' g — a ® g holds if and only if the connection 
form lo of V is written 

w = («<) = 4 <t> 41 (8-6) 

with respect to the frame {ej} (c.f. ()3.12p ). For each vector v € TU, the horizontal lift v with 
respect to the connection defined from (|8.6p is given by (|3.15l) . If nii ^ s the horizontal 
lift of mi(() x , then 77* must be 



where / is an unknown function on U and 

\ 2 + (~a 3 - f3 )e\ 
-e 2 + (03 - /?o)e 3 , 



i.7) 



^3,0 



^3,0 



-a 


- a 2 + 




+ /3 3 




2 






—oto 


+ a 2 + 


ft 


-A 




2 






ax 


+ a 3 - 


A) 





We claim that there is a unique pair (/, 0) such that the connection (|3.12|) is torsion-free, 
i.e. uj satisfies 

de l + J2 UJ i eJ = °- ( 8 - 9 ) 



First, we fix a connection whose connection form is 





f 




^3,0 


^0 = K,o) = 


vio 











-?73,0 
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Let Xi be the fiber coordinate on T£X with respect to {e 1 }. We consider the distribution 
tt*H on TV = N(T£M) \ M where tt : Af -> Z ~ A" is the projection. We define 1-forms 
0.0, a..-,., onAf (c.f.jil) by 

6 = ^ A^e 1 , 0j jO = dXi — ^2 ^i w (o' r y,o = \fij,o ~ ^ i . 

If we simply write r = T23 i o, then we have (c.f. ()3.18j) ) 

t = A 2 tfA 3 - A 3 tfA 2 - Ai (A1771 + A 2 ?/ 3 - X 3 r]l ) . 

Similar to the proof of Proposition 13.31 or 13.51 we obtain that n* R = {v € TJ\f\0(v) = 
T ijfi(0) = 0}. Hence 1-forms {6, r^-} are involutive. 

Since ^ 6^0 A e l = mod (0, r^) , we obtain dO = [i mod (0, ry) where 

A 4 = (A 2 ri + -W,o) A e 1 + (Ai^ - A^ 2 ) A e 2 + (\ lf & j0 + A 2 r?| i0 ) Ae 3 + ^ W (8.10) 
Then we can write 

M = toe 2 A e 3 + /i 3 ie 3 A e 1 + fi^e 1 A e 2 , (8-11) 

where /iy = /i^ A; are linear in A. Notice that /i^' are C* -1 functions since is C . Since 
df? = mod (0,Tij), there are 1-forms Oi and 6 2 such that 

H = 9i A r + 9 2 A 9. (8.12) 

Oi is, however, zero since [i does not contain dXi. Hence we obtain fj, A 6 = 0, and this is 
equivalent to 



.13) 



M23 1 ~ Mai 2 — / i i2 3 ; 
M12 2 + Msi 3 = °. M23 3 + M12 1 = 0, M31 1 + M23 2 = 0. 
Thus, if we put / = ^/x 12 3 and <fi = H^e 1 + iLy^e 2 + M 2 3 2 e 3 , then 

fj, = -<j> A + f (-Aie 2 A e 3 + A 2 e 3 A e 1 + Ase 1 A e 2 ) . 

Here / and </> are C . Comparing the coefficients of A; with (|8 . 1 0[> . we obtain 

de 1 + (j) A e 1 + (rjlo - fe 3 ) A e 2 + (?^ + fe 1 ) A e 3 = 0, 
de 2 + (vl.o - /e 3 ) A e 1 + A e 2 + (»£ + /e 1 ) A e 3 = 0, 
^ 3 + (vlo + /e 1 ) A e 1 - (r/ 2 + fe 1 ) A e 2 + A e 3 = 0. 

These are nothing but the torsion-free condition for the connection defined from / and <f> 
above. 

Since (/, cj>) is uniquely defined, we have obtained the unique torsion-free C k ~ 1 connection 
V. For this V, the distribution £ on Z ~ X agrees to H from the construction. Hence 
([g], V) is Einstein- Weyl from Proposition 13.91 The rest condition is deduced from the fact 
that H n TX p corresponds to ©r. □ 

Remark 8.2. In the statement of Proposition l8.ll the last hypothesis 

• n7»(H n Jl) z is not constant along the fiber 

is not removable. Actually, ro*(Xln H) z can be constant when the metric degenerates so that 
the light cone degenerates to a line, which occurs as a limit of indefinite metric. 

Proposition 8.3. Let N be any embedding of CP 1 into Z = CP 1 x CP 1 which is C 2fe + 5 
close to the standard one. Let {®x}xeS 2 xR be the constructed family of closed holomorphic 
disks on (Z,N). Then a C k indefinite Einstein- Weyl structure ([<?], V) is naturally induced 
on M = S 2 X E. 
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Proof. We apply Proposition 17.31 by putting k + 3 instead of k and I = k + 2. Let M <— ■ 

A + — > Z be the constructed double fibration (the diagram (|7.6[) ), then f is C k+2 in this case. 
Let A_ be the copy of A + and let X = X + U A_ be the CP 1 bundle over X which is obtained 
by identifying the boundaries dX+ and dX- where X- is the copy of X- with fiber-wise 
opposite complex structure. Let p : X — > X be the involution which interchanges X+ and 
A_. 

Let f* : T C X -> T C Z be the differential of f. We define JI = ^{T^Z) on X + . Then, 
along Ar = <9A + , JI is spanned by and the distribution of real planes tangent to the fibers 

of f : Ar — > TV. So we can extend JI to whole A" so that JI = p* JI on Ar. Let us check the 
hypotheses in Proposition [8TTJ 

• p*JI = JX follows from the construction. 

• JI is C k+1 on X + \ Ar since f* is C k+1 , and JI is involutive since T 0,1 Z is involutive. 

• JI + 3 = f- 1 (T°- 1 Z) + f- 1 (r 1 '°Z) = fcHTcZ) = T C X+ on A+\ Ar since f is surjective. 

• For each fiber zu^ 1 (x) = X + \ x , the restriction f x : X + \ x — > Z of f is a holomorphic 
embedding. Hence Jlnkcrro* = (f*)- 1 ^ ' 1 Z) = V ' 1 . 

• JI is C°-close to the one of the standard case, so ci(JX) = —4 on each fiber of w. 

• For each x € M, there are p,q £ 'Sx such that £ p and £,j intersects transversally at x 
(Lemma 17. 7j) . If we put 2 = f^Cp) = f _1 (p) H ti7 _1 (x), then we obtain 

{T x € p )®C = vj,{T Cz r 1 {p)) = tJ7*(kerf,.) J , = ro*(JIn 3),. 

Similarly (T x £ g ) ® C = ro*(JIri JI) 2 ' for z' = f^ 1 (g). Hence ro*(JIn JI) is not constant. 

Thus all the hypotheses in Proposition HQ] are fulfilled, so we obtain the unique C k indefinite 
Einstein- Weyl structure on M. □ 

Recall that we have obtained a lift f : Ar — > S(TN) of f : Ar — * N in Section [71 
Proposition 8.4. Identifying X with Z, 

1. <E = f-^T ' 1 ^) on X + where f* : T C X+ -> T C Z. 

2. © R = e n TA R = ker{f* : TA R -► TW} on X R , 

3. L = ker{f* : TA+ -> TZ} on A+ \ A R , and 

4. L = kci{U : TAr -> S(TN)} on Ar. 

Proof. 1 and £ follows from Proposition 18.11 18.31 and their proof. We also have e = 
f-^T 1 ' ^), so L ® C = £ n e = kerf* : T C A + -> T C Z. Hence 5 follows. 

Let us prove 4- Let U x CP 1 — > A|[/ be a trivialization on L7 such that p(x, C) = (^j C)- 
Notice that A ± |[/ = {(>, Q e U x CP 1 | ± Im C > 0}. 

Let us denote £ = £+ \f—\r\ using a real coordinate (£,,rj). We fix a point (xo, £0) € Ar|c/ 
and let c(s) be a curve defined by J e — > nj _1 (x) : s i— > (xo, £0 + >/— Is) where I e = (— e, e) is a 
small interval. Now, we define a map <i> : I £ x J e — > A : (s, i) $( S; f ) go that <&(s, 0) = c(s) 
and $*(Jj) = ^ where is a p-invariant real vector field such that L = Span(Z^). 

Let £ be the image of $, and let v = 3?(Jj) which is a tangent vector field along £ such 
that T£ = Span (ft , v). Moreover, is proportional to on £ n Ar. Indeed, we have 
/)o$(s,t) = $(— s,t) by definition, so p*^ = —v. Hence v is "pure imaginary" on Ar, i.e. we 
can write v = a-j^ using a real- valued function a on Ar. Taking e small, we can assume a is 

positive since u (x0t(o) = c*(Jj) = Jj. 

Since {^,^} is involutive, there are functions A, B on £ such that [l',u] = Aft + Bv. 
Let <p be a positive function on £ such that ftip = —B, then [ft, ipv] — tpAft . We define a 
positive function t/> on £ n Ar by ipv = 
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Now, f : X+ -> Z = CP 1 x CP 1 is described as f(x, C) = (Fi(x,C), F 2 (x,Q) on the 
neighborhood of (xo, Co) using functions Fi which are holomorphic on £. Let p\ : Z — ► CP 1 be 
the first projection, then its restriction pi : N —> CP 1 is diffeomorphism. Hence, identifying 
TV with CP 1 by pi, f : Afe -> JV is described by Fi. Since L = Span (it) = kerf* on Af+ \ X R , 
we have ^=0 on X+. Then 

Z^F) = [it, w ] Fi + w (tfFi) = 0, 

hence (V^) = on £ R X m . 

Since Fi are holomorphic for £, we have ^ = — V^I^-. Thus we have obtained 

^(^)=° ( 8 - 14 ) 

on £ n Ar. Since f(x, £) = ^"(^iC) by definition, and since ip is positive function, (|8.14|) 

means f*(it) = 0. From 2 of Proposition [731 the fiber of f is at most one-dimensional, hence 
L = ker{f* : T* R -> S(TN)} on Ar. □ 

Proposition 8.5. The Einstein- Weyl structure ([<?], V) constructed in Proposition\$73\ sat- 
isfies the following properties. 

1. For each p £ 2V , S p = {x G M \ p G is connected maximal null surface on M and 
every null surface can be written in this form. 

2. For each p G Z \ N, € p = {x € M \ p € S)^} is connected maximal time-like geodesic 
and every time-like geodesic on M can be written in this form. 

3. For each p € N and non-zero v G T p N, £ PtV = {x G M |p G dD x , v || S)^} is connected 
maximal null geodesic on M and every null geodesic on M can be written in this form. 



Proof. From Proposition [8]4] and the properties of ©r and L, we obtain 

• & p = w o f^ 1 (p) is a null surface for each p G N, 

• <t p — vj o f^ 1 (p) is a time- like geodesic for each p G Z \ N , 

• £p,u = to ° f ([v]) is a null geodesic for each p £ N and non zero u € T p N. 
Moreover from Proposition [731 

• & p ~ S" 1 x M for each p G iV, 

• £ p ~ K for each p G Z \ N, 

• <£p tV ~ R for each p £ N and non zero u € TpiV, 

and they are all closed in M. Hence the statement follows. □ 

Recall the compactification of the double fibration given by (|7.7|) . Let £ p and be the 
compactification of £ p and in A + respectively. 

Proposition 8.6. 1. For eachp S Z\N . Ar|^ is homeomorphic to S 2 and the restriction 
f : Ar|^. — > N is a homeomorphism. In particular, {dS) x } X ££ p gives a foliation on 
N\{2 points}. 

2. For each p G N and non zero v G T p N , Afg|g is homeomorphic to S 2 and the 
restriction f : Xr\^ — > iV is surjective. Moreover, this is one-to-one distant from the 
curve f~ 1 (p), hence {(dD x \ {p})}xeCp „ gives a foliation on N \ {p}. 
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Proof. Let p £ Z\N \ then Ar|c p is an 5 1 -bundle over C p ~ R. Since X^\^ is the compacti- 
fication of Ar|£ p with extra two points, it is isomorphic to S 2 . Since f is C°-close to the one 
of the standard case, f : Xm\^ — * N is degree one map. 

Let f* : T(Ar|£ p ) — > TZk be the differential. We claim that kerf* = everywhere. 
Indeed, if there exist non zero w £ T z (Xnt\c ) such that f*(w) = 0, then u> £ XL and 
n7*(w;) 7^ 0. Then vc>*(w) must be null with respect to the constructed conformal structure. 
On the other hand m*(w) tangents to C p , so this is time- like. This is a contradiction. 

Hence f : Afg|^. — > A~ is locally homeomorphic degree one map, i.e. homeomorphism. 

Next, let p S AT. By the similar argument, #r|£ ~ S" 2 and f : Xr\^. — > A" is degree 
one, hence surjective. 

We claim that ker{f« : T(Af R | Cp J -> TN} = on z £ (<*k|,£ Pi „ \ f _1 (p)). Indeed, if there 
exists non zero w € T z {Xg\^ p v ) such that f*(u>) = 0, then m*(w) is non zero and null. Notice 
that m*(w) tangents to the null surface &j( z )- 

On the other hand, w Sf (w) tangents to <t p ^ v C & p . Since f(z) ^ p, ©f( z ) and 6 P are 
different null surfaces, hence T m r z -\&M Z \ and T ro ( z )S p are different null planes at w[z). Then 
Wifiw) S T ro ( z )6j( z ) H T-cj^z^&p must be space-like vector, this is a contradiction. Hence the 
statement follows. □ 

Proposition 8.7. Let ([<?], V) fee i/ie Einstein-Weyl structure constructed in Proposition 
\8.3[ Then, for each distinguished p,q £ N , € p ^ q = {x £ M \ p, q £ d'Sx} is connected closed 
space-like geodesic on M and every space-like geodesic on M can be written in this form. In 
particular, this Einstein- Weyl structure is space-like Zoll. 

Proof. Since C P;9 is the intersection of the null surfaces 6 P and & q , this is either empty or a 
space-like geodesic. We claim that C P;9 is not empty and is homeomorphic to S . For each 
non zero v £ T p N, there is a unique x £ t PtV such that q £ d® x since {{dD x \ {p})}xe€ PiV 
foliates N \ {p} by 2 of Proposition [STSJ Then x £ £ p , q , so £ p , 9 is not empty. Moreover there 
is a one-to-one continuous map S(T p N) — > £ Pi9 , so £ Pi9 ~ S . □ 

The main theorem (Theorem ll.6j) follows from Proposition 18.3) 18.51 and 18.71 
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